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S
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R
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A
p
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C

h
arles

W
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N

ev
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S
ep

tem
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V
erb

a
tim

co
p
y
in

g
a
n
d

red
istrib

u
tio

n
o
f
th

is
d
o
cu

m
en

t

a
re

p
erm

itted
in

a
n
y

m
ed

iu
m

p
ro

v
id

ed
th

is
n
o
tice

a
n
d

th
e

co
p
y
rig

h
t

n
o
tice

a
re

p
reserv

ed
.

P
(S

)
=

th
e

set
of

p
rim

e
factors

of
elem

en
ts

of
S

,

P
(S

)
=
{p

:
p

is
p
rim

e
an

d
p
|s

for
at

least
on

e
s
∈

S
}.

π
S
(n

)
is

th
e

n
u
m

b
er

of
p
rim

e
factors

≤
n

of
th

e
ele-

m
en

ts
of

S
.

E
q
u
ivalen

tly,

π
S
(n

)
=

card
{p
∈

P
(S

)
:
p
≤

n
}.

C
learly

π
S
(n

)
is

th
e

fam
iliar

“p
rim

e
n
u
m

b
er

fu
n
ction

”
π
(n

)
relativ

ized
to

S
.

1
.

In
t
r
o
d
u
c
t
io

n
.

S
an

in
fi
n
ite

set
of

p
ositive

in
tegers

w
ith

0
/∈

S
.

S
h
as

p
oly

n
om

ial
d
en

sity
α

if

card
{s
∈

S
:
s
≤

n
}
≥

K
n

1
/
α
,

w
h
ere

K
is

a
con

stan
t

>
0.

E
q
u
ivalen

tly,
h
as

p
oly

n
om

ial
d
en

sity
α

if

S
is

th
e

ran
ge

of
a

strictly
m

on
oton

e
in

creasin
g

p
ositive

in
teger

valu
ed

seq
u
en

ce
(s

n
)
∞n
=

1 ,
su

ch
th

at
s

n
=

O
(n

α
).

N
ote:

α
m

igh
t

n
ot

b
e

in
in

teger,
an

d
α
≥

1.

Q
u
e
s
t
io

n
.

W
h
at

is
th

e
d
istrib

u
tion

of
th

e
set

P
(S

)
of

p
rim

e
fac-

tors
of

th
e

elem
en

ts
of

S
?

B
a
c
k
g
r
o
u
n
d
.

C
a
s
e

S
=

N
,
th

e
p
ositive

in
tegers.

In
th

is
case,

P
(S

)
sim

p
lifi

es
to

th
e

set
of

p
rim

es.

E
u
clid

(circa
300

B
C

).
P

(S
)

is
in

fi
n
ite.

E
u
ler

(1737).
P

(S
)

is
in

fi
n
ite

–
p
ro

of
u
ses

in
fi
n
ite

p
ro

d
-

u
cts

an
d

in
fi
n
ite

series,
fi
rst

ap
p
earan

ce
of

th
e

R
ie-

m
an

n
ζ

fu
n
ction

.

H
istorical

n
ote:

E
u
ler

d
id

n
’t

actu
ally

p
resen

t
h
is

w
ork

as
a

p
ro

of
of

E
u
clid

’s
th

eorem
.

R
ath

er,
h
e

d
erived

su
ch

strik
in

g
n
ew

resu
lts

(for
th

e
tim

e)
as

∑

1/p
d
iverges,

w
h
ere

p
ran

ges
over

th
e

p
rim

e
n
u
m

b
ers.



C
a
s
e

S
=

N
,
th

e
p
ositive

in
tegers.

T
sch

eb
y
sh

ev
(1850).

m
n
/
log

n
≤

π
S
(n

)
≤

M
n
/
log

n
,

for
all

n
≥

2
an

d
som

e
su

itab
ly

ch
osen

con
stan

ts
0

<
m
≤

M
<
∞

.

H
ad

am
ard

an
d

d
e

la
V
allée

P
ou

ssin
(in

d
ep

en
d
en

tly,
1896).

lim
n
→
∞

π
S
(n

)/(n
/
log

n
)
=

1.

F
u
r
s
t
e
n
b
e
r
g
’s

P
r
o
o
f
.

F
u
rsten

b
erg

(1955):
A

to
p
o
lo

g
ica

l
p
ro

of
of

E
u
clid

’s
th

eorem
th

at
P

(S
)

is
in

fi
n
ite

if
S

is
th

e
set

of
p
ositive

in
tegers!

F
u
rsten

b
erg’s

p
ro

of
is

an
im

p
ortan

t
b
egin

n
in

g
ex

am
-

p
le

in
th

e
th

eory
of

p
rofi

n
ite

grou
p
s,

an
d

D
irich

let’s
th

eorem
,
w

h
ich

asserts
th

e
ex

isten
ce

of
in

fi
n
itely

m
an

y
p
rim

es
rath

er
th

an
p
rim

e
factors,

h
as

a
sim

p
le

in
ter-

p
retation

in
term

s
of

p
rofi

n
ite

grou
p
s.

(A
.
L
u
b
otzk

y,
B

u
ll.

A
m

er.
M

a
th

.
S
o
c.

3
8

(4),
2001,

p
p
.
475–479.)

C
ou

ld
th

is
lead

to
a

n
ew

sim
p
le

to
p
o
lo

g
ica

l
p
ro

of
of

D
irich

let’s
th

eorem
?

(A
.
L
u
b
otzk

y,
ib

id
.)

C
a
s
e

S
=

an
arith

m
etic

p
rogression

,

S
=
{a

n
+

b
:
n

=
1,2,3,...∞

}

N
ow

,
P

(S
)

is
strictly

greater
th

an
th

e
n
u
m

b
er

of
p
rim

es
in

S
.

D
irich

let
(1837).

If
a

an
d

b
are

relatively
p
rim

e,
th

e
n
u
m

b
er

of
p
rim

es
in

S
is

in
fi
n
ite

–
p
ro

of
in

tro
d
u
ces

D
irich

let
L

fu
n
ction

s.

W
e

are
still

lo
ok

in
g

for
a

g
en

era
l,

sim
p
le

elem
en

tary
p
ro

of.

C
a
s
e

S
=

th
e

in
teger

ran
ge

of
a

n
on

-con
stan

t
p
oly

n
o-

m
ial,

S
=
{|F

(n
)|

:
n

=
1,2,3,...,F

(n
)
6=

0},

w
h
ere

F
(n

)
is

a
n
on

-con
stan

t
p
oly

n
om

ial
w

ith
in

teger
co

effi
cien

ts.

A
gain

,
P

(S
)

is
strictly

greater
th

an
th

e
n
u
m

b
er

of
p
rim

es
in

S
.

B
u
n
iakow

sk
i
(1854).

C
o
n
jectu

red
if

th
ere

is
n
o

com
-

m
on

factor
of

all
th

e
elem

en
ts

of
S

,
th

en
S

con
tain

s
in

fi
n
itely

m
an

y
p
rim

es.



S
t
a
t
u
s

o
f

t
h
e

B
u
n
ia

k
o
w

s
k
i
C

o
n
je

c
t
u
r
e

O
n
e

of
th

e
great

u
n
solved

q
u
estion

s
of

n
u
m

b
er

th
e-

ory
–

even
u
n
k
n
ow

n
if

th
ere

are
in

fi
n
itely

m
an

y
p
rim

es
of

th
e

form
n

2
+

1!
(M

.
R

am
M

u
rty,

A
m

er.
M

a
th

.

M
o
n
th

ly
1
0
9
(5)

(2002),
452-458,

H
.
H

ard
y

an
d

E
.
M

.
W

righ
t,

A
n

In
tro

d
u
ctio

n
to

th
e

T
h
eo

ry
o
f
N

u
m

b
ers,

5th
ed

.,
1993.)

F
olk

T
h
eorem

.
P

(S
)

is
in

fi
n
ite.

G
otch

ev
(2001).

P
(S

)
is

in
fi
n
ite

–
a

to
p
o
lo

g
ica

l
p
ro

of!

T
h
e
o
r
e
m

1
.

L
et

S
b
e

a
set

of
p
oly

n
om

ial
d
en

sity
α
.

(a)
∑

p
∈

P
(S

)
p
−

1
/
α

=
∞

.

(b
)

∑

∞n
=

1
π

S
(n

)/n
1
+

1
/
α

=
∞

.

(c)
If

∑

∞n
=

1
a

n
<
∞

,
w

h
ere

a
n

>
0,

th
en

π
S
(n

)/n
1
+

1
/
α
≥

a
n

in
fi
n
itely

often
.

C
o
r
o
l
l
a
r
y

1
.

(a)
T

h
e

set
P

(S
)

is
in

fi
n
ite.

(b
)

L
et

r
>

1.
T

h
en

π
S
(n

)
≥

n
1
/
α
/(log

n
)
r

in
fi
n
itely

often
.

π
S
(n

)
≥

n
1
/
α
/
log

n
(log

log
n
)
r

in
fi
n
itely

often
.

etc.

C
a
s
e

S
=

an
arb

itrary
set

of
p
oly

n
om

ial
d
en

sity.

R
ecall

S
is

a
set

of
p
oly

n
om

ial
d
en

sity
if

it
is

th
e

ran
ge

of
a

strictly
m

on
oton

e
in

creasin
g

p
ositive

in
teger

val-
u
ed

seq
u
en

ce
of

p
oly

n
om

ial
grow

th
.

N
ev

ille
(2002).

Q
u
an

titative
estim

ates
on

π
S
(n

).
R

e-
call

π
S
(n

)
is

th
e

n
u
m

b
er

of
p
rim

e
factors

≤
n

of
th

e
elem

en
ts

of
S

.

N
ev

ille
(2002).

Q
u
an

titative
estim

ates
for

arb
itrary

sets
of

p
oly

n
om

ial
d
en

sity,
n
ot

ju
st

in
teger

ran
ges

of
p
oly

n
om

ials.

P
r
o
o
f

o
f

C
o
r
o
l
l
a
r
y

1
.

(a)
–

u
se

th
eorem

1a.

(b
)

–
th

is
is

eq
u
ivalen

t
to

π
S
(n

)/n
1
+

1
/
α
≥

1/n
(log

n
)
r

in
fi
n
itely

often
,

π
S
(n

)/n
1
+

1
/
α
≥

1/n
log

n
(log

log
n
)
r

in
fi
n
itely

often
,

etc.,

an
d

th
e

series
∑

∞n
=

1
1/n

(log
n
)
r,

∑

∞n
=

1
1/n

log
n

(log
log

n
)
r,

etc.,

are
all

con
vergen

t.
U

se
th

eorem
1c.



P
r
o
o
f

o
f

T
h
e
o
r
e
m

1
a
.

P
ro

of
–

a
sim

p
le

m
o
d
ifi

cation
of

E
u
ler’s

fam
ou

s
1737

p
ro

of
b
y

in
fi
n
ite

series
of

E
u
clid

’s
th

eorem
on

th
e

in
-

fi
n
itu

d
e

of
p
rim

es.

C
on

sid
er

th
e

(p
ossib

ly
)

in
fi
n
ite

p
ro

d
u
ct

∏

p
∈

P
(S

)
1/(1

−
p
−

1
/
α
).

S
h
ow

th
e

p
ro

d
u
ct

d
iverges.

S
o

let
N

b
e

a
large

p
osi-

tive
in

teger.
C

on
sid

er
th

e
p
artial

p
ro

d
u
ct,

∏

p
∈

P
(S

),p
≤

N
1/(1

−
p
−

1
/
α
)

=
∏

p
∈

P
(S

),p
≤

N
(1

+
p
−

1
/
α

+
p
−

2
/
α

+
···)

=
∑

s
∈

S
,s
≤

N
s
−

1
/
α

+
oth

er
p
ositive

term
s.

R
ecall:

A
n

in
fi
n
ite

p
ro

d
u
ct

∏

∞n
=

1 (1
+

a
n
),

w
ith

a
n
≥

0,
d
iverges

⇐
⇒

th
e

in
fi
n
ite

series
∑

∞n
=

1
a

n
d
iverges.

T
h
u
s

∏

p
∈

P
(S

)
1/(1

−
p
−

1
/
α
)

d
iverges

=
⇒

∑

p
∈

P
(S

)

(1/(1
−

p
−

1
/
α
)
−

1
)

d
iverges.

T
h
e

series
∑

p
∈

P
(S

)

(1/(1
−

p
−

1
/
α
)
−

1
)

is,
as

w
e

sh
all

see,
term

-b
y
-term

com
p
arab

le
w

ith
th

e
series

∑

p
∈

P
(S

)
p
−

1
/
α
.

T
h
u
s

∑

p
∈

P
(S

)
p
−

1
/
α

d
iverges.

T
h
is

p
roves

th
eorem

1a,
p
rov

id
ed

w
e

p
rove

th
e

com
p
arab

ility
assertion

.

R
ecall:

A
n
oth

er
w

ay
of

w
ritin

g
S

is
S

=
{s

1 ,s
2 ,s

3 ,...},
w

h
ere

(s
j )
∞j
=

1
is

a
strictly

m
on

oton
e

in
creasin

g
se-

q
u
en

ce
of

p
ositive

in
tegers

su
ch

th
at

s
j
≤

K
j
α
,
w

h
ere

K
>

0
is

a
con

stan
t.

T
h
u
s,∑

s
∈

S
,s
≤

N
s
−

1
/
α

=
∑

nj
=

1
s
−

1
/
α

j

≥
∑

nj
=

1
K
−

1
/
α
(j

α
)
−

1
/
α

=
K
−

1
/
α

∑

nj
=

1
j
−

1.

(H
ere,

n
is

th
e

largest
in

teger
su

ch
th

at
s

n
≤

N
.)

∑

∞j
=

1
j
−

1
d
iverges.

T
h
u
s

∏

p
∈

P
(S

)
1/(1

−
p
−

1
/
α
)

d
i-

verges.

T
h
e

T
w

o
S
e
r
ie

s
A

r
e

C
o
m
p
a
r
a
b
l
e
.

N
ote

p
−

1
/
α
≤

2
−

1
/
α
.

A
p
p
ly

th
e

fam
iliar

estim
ates,

1
+

p
−

1
/
α

<
1

+
p
−

1
/
α

+
p
−

2
/
α

+
···

=
1/(1

−
p
−

1
/
α
)

=
1

+
p
−

1
/
α
/(1

−
p
−

1
/
α
)

≤
1

+
p
−

1
/
α
/(1

−
2
−

1
/
α
).

C
on

clu
d
e

th
at

p
−

1
/
α

<
1/(1

−
p
−

1
/
α
)
−

1
≤

p
−

1
/
α
/(1

−
2
−

1
/
α
).

T
h
is

p
roves

p
roves

th
e

tw
o

series
are

com
p
arab

le,
an

d
so

com
p
letes

th
e

p
ro

of
of

th
eorem

1a.



P
r
o
o
f

o
f

T
h
e
o
r
e
m

1
b
.

∑

p
∈

P
(S

) p
−

1
/
α

=
lim

N
→
∞

∫

N

1

t
−

1
/
α

d
π

S
(t),

w
h
ere

th
e

righ
t

h
an

d
sid

e
is

in
terp

reted
as

a
S
tieltjes

in
tegral.

In
tegrate

b
y

p
arts

to
ob

tain
∑

p
∈

P
(S

) p
−

1
/
α

=

lim
N
→
∞

[

N
−

1
/
α
π

S
(N

)
+

(1
+

1/α
)

∫

N

1

π
S
(t)t

−
(1

+
1
/
α
)
d
t

]

.

(T
h
e

in
tegration

b
y

p
arts

is
ju

stifi
ed

b
ecau

se
th

e
in

te-
gran

d
t
−

1
/
α

is
con

tin
u
ou

s.)

C
a
s
e

1
of

trou
b
lesom

e
fi
rst

term
on

righ
t.

S
u
p
p
ose

∃
a

con
stan

t
K

>
0

su
ch

th
at

N
−

1
/
α
π

S
(N

)
<

K
,
for

in
fi
n
itely

m
an

y
p
ositive

in
tegers

N
,
say

N
1 ,N

2 ,
N

3 ,....
T

h
en

lim
j
→
∞

∫

N
j

1

π
S
(t)t

−
(1

+
1
/
α
)
d
t
=
∞

.

B
ecau

se
∫

N1
π

S
(t)t

−
(1

+
1
/
α
)
d
t

is
an

in
creasin

g
fu

n
ction

of
N

,

lim
N
→
∞

∫

N

1

π
S
(t)t

−
(1

+
1
/
α
)
d
t
=
∞

.

B
y

th
eorem

1a,
th

e
left

h
an

d
series

d
iverges

to
in

fi
n
ity.

W
e

cou
ld

im
m

ed
iately

con
clu

d
e

th
at

lim
N
→
∞

∫

N

1

π
S
(t)t

−
(1

+
1
/
α
)
d
t
=
∞

,

if
it

w
ere

n
ot

for
th

e
trou

b
lesom

e
fi
rst

term
on

th
e

righ
t,

N
−

1
/
α
π

S
(N

).
T
o

h
an

d
le

th
is

term
,
d
iv

id
e

th
e

argu
m

en
t

in
to

tw
o

cases.

C
a
s
e

2
of

trou
b
lesom

e
fi
rst

term
on

righ
t.

S
u
p
p
ose

th
ere

is
n
o

su
ch

con
stan

t
K

.
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