
In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e
s

a
n
d

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

b
y

C
h
a
r
l
e
s

W
.
N

e
v
il

l
e
,
M

a
r
c
h

1
9
9
9

c©
C

h
arles

W
.
N

ev
ille,

F
eb

ru
ary

2002

V
erb

atim
cop

y
in

g
an

d
red

istrib
u
tion

of
th

is
d
o
cu

m
en

t
is

p
erm

itted
in

an
y

m
ed

iu
m

p
rov

id
ed

th
is

n
otice

an
d

th
e

cop
y
righ

t
n
otice

are
p
reserved

.

2
.

W
h
a
t

Is
a

H
y
p
e
r
-In

v
a
r
ia

n
t

S
u
b
s
p
a
c
e
?

T
:
V
−
→

V
a

lin
ear

op
erator

W
a

lin
ear

su
b
sp

ace
of

V
is

H
y
p
er-In

varian
t

if

S
(W

)
⊆

W

for
every

S
com

m
u
tin

g
w

ith
T

1
.

W
h
a
t

Is
a
n

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e
?

V
a

vector
sp

ace

T
:
V
−
→

V
a

lin
ear

op
erator

W
a

lin
ear

su
b
sp

ace
of

V
is

In
varian

t
if

T
(W

)
⊆

W

3
.

W
h
y

S
t
u
d
y

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e
s
?

V
fi
n
ite

d
im

en
sion

al
vector

sp
ace

over
C

R
ecall

J
ord

an
C

an
on

ical
F
orm

for
T



λ
1

0
0

0
0

1
λ

1
0

0
0

0
1

λ
1

0
0

0
0

0
λ

2
0

0
0

0
1

λ
2



(a
sim

p
le

5
×

5
case)

C
losely

related
to

(h
y
p
er)

in
varian

t
su

b
sp

aces
of

T



4
.

W
h
y

S
t
u
d
y

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e
s

c
o
n
t
in

u
e
d

H
y
p
er

In
varian

t
S
u
b
sp

aces
for

T

W
1

=
K

er(T
−

λ
1 I

)

W
2

=
K

er(T
−

λ
1 I

)
2

W
1
⊆

W
2
⊆

W
3

W
3

=
K

er(T
−

λ
1 I

)
3

W
4

=
K

er(T
−

λ
2 I

)
W

4
⊆

W
5

W
5

=
K

er(T
−

λ
2 I

)
2

A
n
d

d
irect

su
m

s
of

th
e

ab
ove

W
1
···W

5
b
asically

given
b
y

th
e

can
on

ical
form

b
asis!

6
.

F
a
m
o
u
s

O
p
e
n

Q
u
e
s
t
io

n

D
o
es

E
very

B
ou

n
d
ed

L
in

ear
O

p
erator

on
an

In
fi
n
ite

D
im

en
sion

al
B

an
ach

S
p
ace

H
ave

a
P

rop
er

(6=
{0},6=

V
)

(closed
)

In
varian

t
S
u
b
sp

ace

C
on

jectu
re

th
at

th
is

is
so

is

T
h
e

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e

C
o
n
je

c
t
u
r
e

5
.

In
f
in

it
e

D
im

e
n
s
io

n
a
l

C
a
s
e

V
in

fi
n
ite

d
im

en
sion

al
B

an
ach

sp
ace

T
:
V
−
→

V
a

b
ou

n
d
ed

lin
ear

op
erator

W
a

closed
su

b
sp

ace
of

V
is

In
varian

t
if

T
(W

)
⊆

W

7
.

K
n
o
w

n
A

n
s
w

e
r
s

T
h
e

K
n
ow

n
A

n
sw

ers
to

T
h
e

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e

Q
u
e
s
t
io

n
are:

N
O

for
V

a
com

p
lete

lo
cally

con
vex

sp
ace

an
d

T
con

-
tin

u
ou

s
–

cf.
S
ch

aeff
er

N
O

for
V

a
H

ilb
ert

sp
ace

an
d

T
a

closed
lin

ear
op

era-
tor
–

cf.
H

alm
os

N
O

(fam
ou

sly
)

for
V

a
n
on

-refl
ex

ive
B

an
ach

sp
ace

an
d

T
b
ou

n
d
ed

–
R

ead

U
N

K
N

O
W

N
for

V
a

refl
ex

ive
B

an
ach

sp
ace

an
d

T
b
ou

n
d
ed

E
rgo

U
N

K
N

O
W

N
for

V
a

H
ilb

ert
sp

ace
an

d
T

b
ou

n
d
ed



8
.

M
o
r
e

K
n
o
w

n
A

n
s
w

e
r
s

M
ore

K
n
ow

n
A

n
sw

ers
to

T
h
e

In
v
a
r
ia

n
t

S
u
b
s
p
a
c
e

Q
u
e
s
t
io

n
are:

Y
E

S
if

T
h
as

a
d
iscon

n
ected

sp
ectru

m

Y
E

S
(fam

ou
sly

)
if

V
is

a
H

ilb
ert

sp
ace

an
d

T
is

n
or-

m
al,

ie.
T

com
m

u
tes

w
ith

its
ad

join
t.

(T
h
is

is
alm

ost
th

e
S
p
ectral

T
h
eorem

)

Y
E

S
if

T
com

m
u
tes

w
ith

a
C

o
m
p
a
c
t

O
p
e
r
a
t
o
r

–
L
om

on
osov

’s
T

h
eorem

,
th

e
su

b
ject

of
th

is
talk

1
0
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

T
a

n
on

-zero
com

p
act

op
erator

on
a

B
an

ach
sp

ace
V

.

S
a

b
ou

n
d
ed

op
erator

on
V

com
m

u
tin

g
w

ith
T

,
w

ith
n
o

p
rop

er
closed

in
varian

t
su

b
sp

ace.

F
a

n
on

-lin
ear

con
tin

u
ou

s
fu

n
ction

con
stru

cted
from

S
.

K
a

com
p
act

con
vex

su
b
set

of
V

,
d
isjoin

t
from

0,
su

ch
th

at

F
T

(K
)
⊆

K
.

9
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

E
very

b
ou

n
d
ed

op
erator

com
m

u
tin

g
w

ith
a

(n
on

-zero)
com

p
act

op
erator

h
as

a
(p

rop
er,

closed
)

in
varian

t
su

b
-

sp
ace.

P
r
o
o
f
:

T
a

n
on

-zero
com

p
act

op
erator

on
a

B
an

ach
sp

ace
V

.

S
a

b
ou

n
d
ed

op
erator

on
V

com
m

u
tin

g
w

ith
T

.

If
S

h
as

a
p
rop

er
closed

in
varian

t
su

b
sp

ace,
w

e
are

d
on

e.

If
n
ot,

argu
e

b
y

con
trad

iction
:

S
h
ow

th
at

S
m

u
st

h
ave

a
p
rop

er
closed

in
varian

t
su

b
sp

ace
after

all.

1
1
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

F
T

(K
)
⊆

K
,
an

d
K

is
com

p
act.

B
y

th
e

L
eray

-S
ch

au
d
er

fi
x
ed

p
oin

t
th

eorem
,
F

T
h
as

a
fi
x
ed

p
oin

t
e

in
K

,

F
T

(e)
=

e.

B
y

con
stru

ction
,

F
(T

(e))
=
P

(S
)(T

(e)),

w
h
ere

P
(S

)
is

a
p
oly

n
om

ial
in

th
e

op
erator

S
.

In
su

m
m

ary,
w

e
h
ave

con
stru

cted
a

p
oly

n
om

ial
P

(S
),

su
ch

th
at

P
(S

)T
(e)

=
e.



1
2
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

P
(S

)T
(e)

=
e

e
is

an
eigen

-vector,
w

ith
eigen

-valu
e

1,
for

th
e

op
era-

tor
P

(S
)T

.

L
et

W
1

b
e

th
e

eigen
-sp

ace
corresp

on
d
in

g
to

th
e

eigen
-

valu
e

1
for

P
(S

)T
,

W
1

=
{w

∈
V

:
P

(S
)T

(w
)

=
w
}.

S
com

m
u
tes

w
ith

P
(S

)
(b

ecau
se

it
is

a
p
oly

n
om

ial
in

S
)

an
d

w
ith

T
(b

y
h
y
p
oth

esis),
so

th
e

eigen
-sp

ace
W

1

is
in

varian
t

u
n
d
er

th
e

action
of

S
.

T
h
is

con
trad

icts
th

e
assu

m
p
tion

th
at

S
h
as

n
o

p
rop

er
closed

in
varian

t
su

b
sp

ace.

1
4
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

W
1

is
an

in
varian

t
su

b
sp

ace
for

th
e

op
erator

S
.

Q
u
estion

s:

a.
Is

W
1

closed
?

b
.

Is
W

1
d
iff

eren
t

from
{0}?

c.
Is

W
1

d
iff

eren
t

from
V

?

A
n
sw

ers:

a.
Y
es,

b
ecau

se
th

e
op

erator
U

is
con

tin
u
ou

s.
(U

(w
n
)
→

w
an

d
U

(w
n
)

=
w

n
im

p
lies

U
(w

)
=

w
.)

b
.

Y
es,

b
ecau

se
e
∈

W
1

an
d

e
6=

0.
(R

em
em

b
er,

e
∈

K
an

d
K

d
o
es

n
ot

con
tain

0.)

1
3
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

In
M

o
r
e

D
e
t
a
il

:

F
or

clarity,
let

U
=
P

(S
)T

.
R

ecall
th

at

a.
W

1
is

th
e

sp
ace

of
eigen

-vectors
for

th
e

op
erator

U
corresp

on
d
in

g
to

th
e

eigen
-valu

e
1.

b
.

S
com

m
u
tes

w
ith

th
e

op
erator

U
.

If
w
∈

W
1 ,

th
en

U
(w

)
=

w
,
so

S
(w

)
=

S
(U

(w
))

=
U

(S
(w

)),

th
at

is
w

lies
in

th
e

eigen
-sp

ace
W

1 .
T

h
u
s

W
1

is
in

vari-
an

t
for

U
.

1
5
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

Q
u
estion

s:

a.
Is

W
1

closed
?

–
Y
es.

b
.

Is
W

1
d
iff

eren
t

from
{0}?

–
Y
es.

c.
Is

W
1

d
iff

eren
t

from
V

?

A
n
sw

ers:

c.
Y
es,

b
ecau

se
U
6=

I
an

d
I

is
th

e
on

ly
op

erator
for

w
h
ich

th
e

eigen
-sp

ace
W

1
=

V
.

(U
6=

I
b
ecau

se
U

=
P

(S
)T

is
com

p
act.)



1
6
.

L
o
m
o
n
o
s
o
v
’s

T
h
e
o
r
e
m

–
P
r
o
o
f

S
o

w
e

started
w

ith
a

n
on

-zero
com

p
act

op
erator

T
an

d
a

b
ou

n
d
ed

op
erator

S
w

h
ich

com
m

u
tes

w
ith

T
.

W
e

h
ave

assu
m

ed
S

h
as

n
o

p
rop

er
closed

in
varian

t
su

b
-

sp
ace,

an
d

w
e

h
ave

d
erived

a
con

trad
iction

b
y

p
ro

d
u
c-

in
g

a
p
rop

er
closed

in
varian

t
su

b
sp

ace
W

1
for

S
.

A
ll

w
e

h
ave

to
d
o

n
ow

is
con

stru
ct

th
e

fu
n
ction

F
,
th

e
p
oly

n
om

ial
P

(S
)

an
d

th
e

com
p
act

set
K

.

C
o
n
s
t
r
u
c
t
io

n
o
f

F
:

L
et

a
∈

V
b
e

su
ch

th
at

T
(a

)
6=

0.
L
et

B
=

B
(a

,ρ
)

b
e

a
sm

all
closed

b
all

cen
tered

at
a

su
ch

th
at

0
/∈

T
(B

).

T
(B

)
is

com
p
act

(b
ecau

se
T

is
com

p
act).

1
8
.

C
o
n
s
t
r
u
c
t
io

n
o
f

F

P
v (S

)(v
)

b
elon

gs
to

th
e

in
terior

of
B

,
for

each
v
∈

T
(B

).

F
or

each
v
∈

T
(B

),
let

B
v

b
e

a
sm

all
op

en
b
all

cen
-

tered
at

v
,
su

ch
th

at
P

v (S
)(B

v )
⊆

B
.

(W
e

k
n
ow

su
ch

a
b
all

B
v

ex
ists

b
ecau

se
P

v (S
)

is
con

tin
u
ou

s.)

T
h
e

op
en

b
alls

B
v

form
an

op
en

coverin
g

of
T

(B
).

B
e-

cau
se

T
(B

)
is

com
p
act,

th
ere

is
a

fi
n
ite

op
en

su
b
cov

-
erin

g,
w

h
ich

,
b
y

ab
u
se

of
n
otation

,
w

e
sh

all
d
en

ote
b
y

B
1 ,...,B

n
.

A
n
d

for
each

B
j ,

th
ere

is
a

p
oly

n
om

ial
in

th
e

op
erator

S
,
w

h
ich

,
b
y

ab
u
se

of
n
otation

again
,
w

e
sh

all
d
en

ote
b
y
P

j (S
),

su
ch

th
at
P

j (B
j )
⊆

B
.

1
7
.

C
o
n
s
t
r
u
c
t
io

n
o
f

F

S
u
p
p
ose

th
e

b
ou

n
d
ed

op
erator

S
,
com

m
m

u
tin

g
w

ith
T

,
h
as

n
o

p
rop

er
closed

in
varian

t
su

b
sp

ace.
T

h
en

for
each

v
in

th
e

com
p
act

set
T

(B
),

th
e

su
b
sp

ace,

{P
(S

)(v
)

:
P

(S
)

a
p
oly

n
om

ial
in

S
}

is
d
en

se
in

V
.

(In
fact,

th
is

m
u
st

b
e

tru
e

for
every

v
∈

V
d
iff

eren
t

from
0,

or
S

w
ou

ld
h
ave

a
p
rop

er
closed

in
varian

t
su

b
sp

ace,
con

trary
to

assu
m

p
tion

.)

F
or

each
v
∈

T
(B

),
let

P
v (S

)
b
e

a
p
oly

n
om

ial
in

S
su

ch
th

at
P

v (S
)(v

)
b
elon

gs
to

th
e

in
terior

of
B

.
(W

e
k
n
ow

su
ch

a
p
oly

n
om

ial
ex

ists
b
ecau

se
th

e
ab

ove
su

b
-

sp
ace

is
d
en

se
in

V
an

d
B

h
as

n
on

-void
in

terior.)

1
9
.

D
ig

r
e
s
s
io

n
–

P
a
r
t
it

io
n
s

o
f

U
n
it

y

A
fi
n
ite

p
artition

of
u
n
ity

is
a

fam
ily

of
con

tin
u
ou

s,
n
on

-n
egative

real
valu

ed
fu

n
ction

s,
f
1 ,...,f

n
su

ch
th

at

Σ
f

j
=

1

If
U

1 ,...,U
n

is
a

fi
n
ite

op
en

coverin
g

of
a

set
X

,
th

e
p
artition

of
u
n
ity

f
1 ,...,f

n
is

su
b
ord

in
ate

to
th

e
cov

-
erin

g
U

1 ,...,U
n

if
th

e
su

p
p
ort

of
f

j
lies

en
tirely

in
th

e
set

U
j ,

for
each

j
(if

f
j

is
zero

ou
tsid

e
of

th
e

set
U

j ,
for

each
j).

T
h
e
o
r
e
m
:

If
U

1 ,...,U
n

is
a

fi
n
ite

op
en

coverin
g

of
a

com
p
act

set
X

,
th

en
th

ere
ex

ists
a

fi
n
ite

p
artition

of
u
n
ity

su
b
ord

i-
n
ate

to
th

e
coverin

g.



2
0
.

C
o
n
s
t
r
u
c
t
io

n
o
f

F

T
h
e

op
en

b
alls

B
1 ,...B

n
form

a
fi
n
ite

op
en

coverin
g

of
th

e
com

p
act

set
T

(B
),

an
d
P

j (B
j )
⊆

B
for

each
j.

T
h
u
s

th
ere

is
a

fi
n
ite

p
artition

of
u
n
ity,

f
1 ,...,f

n
su

b
-

ord
in

ate
to

th
e

op
en

coverin
g

B
1 ,...,B

n
.

L
et

F
(x

)
=

Σ
f

j (x
)P

j (S
)(x

),
for

each
x
∈

T
(B

).

T
h
e

fu
n
ction

F
is

n
ot

lin
ear

(b
ecau
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